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1. Introduction

It is well-known that a 6-dimensional unit sphere S6 admits a nearly Kähler
structure (J,< , >) and can be expressed by S6 = G2/SU(3) as a homogeneous
almost Hermitian manifold, where G2 is the compact Lie group of all automorphisms
of the octonions C (known also as the Cayley division algebra). This article is a
brief survey on the several classes of submanifolds, that is, J-holomorphic curves
(called also as almost complex submanifolds), totally real submanifolds and CR-
submanifolds in S6, and the intermediate relationships. In [3], Bolton, Vracken
and Woodward have divided the J-holomorphic curves in 4 classes, I ∼ IV . The
class I is linearly full super-minimal J-holomorphic curves, the class II is linear full,
but not super-minimal J-holomorphic curves, the class III is linearly full in some
totally geodesic S5 in S6 (then necessarily not super-minimal) and the class IV is
totally geodesic J-holomorphic curves. We note that any example of the class II has
been not obtained up to our knowledge. §3 will be devoted to a brief survey on J-
holomorphic curves in S6. In §4 we discuss 3-dimensional totally real submanifolds
and CR-submanifolds in S6, and further their intermediate relationships. In §5,
we discuss 4-dimensional CR-submanifolds in S6. In particular, we introduce some
interesting examples of such submanifolds. The present article is much indebted to
([19]).

2. Preliminaries

First, we shall recall the definition of the almost complex structure of the
6-dimensional sphere. To do this, we recall the fundamental relations between
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the quaternions and the octonions (or called as the Cayley algebra). Let H =
spanR{1, i, j, k} be the quaternions with its canonical basis 1, i, j, k which satisfy

i2 = j2 = k2 = −1,

ij = −ji = k, ki = −ik = j, jk = −kj = i.

Next, let C be the octonions and ImC be the its pure imaginary part, respec-
tively. The octonions C can be identified with the direct sum of the two quaternions
H⊕H with the following multiplication. We represent (a, b) ∈ H⊕H as a + bε.

(a + bε)(c + dε) = (ac− d̄b) + (da + bc̄)ε.

where a, b, c, d are quaternions and ε = (0, 1) ∈ H ⊕H, and ā is the conjugate of
a. With respect to this multiplication, the octonions C is an non-commutative,
non-associative, alternative (the multioplication satisfy (xy)y = xy2, (xy)x =
x(yx), y(yx) = y2x) division algebra. We denote < , > the canonical inner prod-
uct on 8-dimensional Euclidean space. Then the multiplication of the octonions
and the inner product satisfy the following (which is called the normed algebra by
Harvey-Lawson [15])

< xy, xy >=< x, x >< y, y >

where x, y are octonions. We can define the exterior product x × y by x × y =
(1/2) (ȳx − x̄y) ∈ ImC. where x̄ = 2 < x, 1 > −x is the conjugate of x in C. If
x ∈ImC then we have x̄ = −x. More we assume that x, y ∈ ImC and < x, y >= 0,
then x× y = xy.

We define the tenor field J of type (1,1), on the 6-dimensional sphere
S6 = {x ∈ ImC| < x, x >= 1} by;

JxX = X × x

for any X ∈ TxS6, x ∈ S6. Then we see that Jx
2 = −I and J is orthogonal

with respect to the induced metric. We define the section J of the bundle of
the endomorphisms End(TS6) of the tangent bundle TS6, such that J(x) = Jx.
Then (S6, J,< , >) is an almost Hermitian manifold. The group of automor-
phism of the almost Hermitian structure Aut(S6, J,< , >) = { f | f : S6 →
S6 isometry with f∗ ◦ J = J ◦ f∗} coincides with G2 = {g ∈ SO(7) | g(uv) =
g(u)g(v) for any u, v ∈ C}.

Next, we shall give the multiplication table of the octonions. We set the basis
of the octonions as follows; e0 = (1, 0), e1 = (i, 0), e2 = (j, 0), e3 = (k, 0), e4 =
(0, 1) = ε, e5 = (0, i) = iε, e6 = (0, j) = jε, e7 = (0, k) = kε. Then we have
The element of the exceptional Lie group G2 is obatined by the following manner,
which may be compared with orthonormalization process by Gram-Schmidt.
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i\j 1 2 3 4 5 6 7

1 −e0 e3 −e2 e5 −e4 −e7 e6

2 −e3 −e0 e1 e6 e7 −e4 −e5

3 e2 −e1 −e0 e7 −e6 e5 −e4

4 −e5 −e6 −e7 −e0 e1 e2 e3

5 e4 −e7 e6 −e1 −e0 −e3 e2

6 e7 e4 −e5 −e2 e3 −e0 −e1

7 −e6 e5 e4 −e3 −e2 e1 −e0

Lemma 2.1. Let a1, a2 be an orthonormal pair of ImC, and put a3 = a1a2. We
set a unit vector a4 of ImC which is orthogonal to the associative plane spanned by
{a1, a2, a3}. Next we put a5 = a1 · a4, a6 = a2 · a4, a7 = a3 · a4. Then

g = ( a1, a2, a3, a4, a5, a6, a7 ) ∈ SO(7)

is an element of G2 and satisfy g · e4 = a4.

In fact, we can easily see that the multiplication table of {a1, a2, a3, a4, a5, a6, a7}
can be obtained by replacing ei by ai in the above multiplication table.

Next, we shall give the Lie algebra g2 of G2 as a Lie subalgebra of so(7). To do
this, we take the basis Gij (1 ≤ i 6= j ≤ 7) of so(7) which is defined by

Gij(ek) =





ei, if k = j,
−ej , if k = i,

0, otherwise.

Then the Lie algebra g2 coincide with the subspace of so(7) which is spanned by




aG23 + bG45 + cG76,
aG31 + bG46 + cG57,
aG12 + bG47 + cG65,
aG51 + bG73 + cG62,
aG14 + bG72 + cG36,
aG17 + bG24 + cG53,
aG61 + bG34 + cG25,

(2.1)

where a, b, c ∈ R satisfy a+b+c = 0. By Lemma 2.1, we see that G2 acts transitively
on S6. Hence, for any point x ∈ S6, there is a g ∈ G2 such that x = g(ε), and
we have Jx = g ◦ Jε ◦ g−1. We see that (S6, J,< , >) is a homogeneous almost
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Hermitian manifold. We denote by D the Levi-Civita connection of S6. Then we
have

(DXJ)Y = −X × Y + < X × Y, x > x,

for X, Y ∈ TxS6, x ∈ S6. Thus we see that the almost Hermitian structure (J,< , >)
on S6 is a nearly Kähler structure ((DXJ)X = 0) which is not Kähler one.

Now, we prepare fundamental formula for Riemannian submanifolds of S6. Let
(M, φ) be a submanifolds of S6 with the isometric immersion φ : M → S6. We set
x = ι ◦ φ and consider x as the corresponding position vector to the image of φ in
ImC, where ι denote the inclusion map from S6 to ImC. We denote by ∇ and ∇⊥
the Riemannian connections on M and the normal bundle T⊥M induced by the
Riemannian connection D on S6, respectively. Then, the Gauss and Weingarten
formulas are given respectively by

DXY = ∇XY + σ(X, Y ),(2.2)
DXξ = −AξX +∇⊥Xξ,(2.3)

where σ and Aξ are the second fundamental form and the shape operator (with
respect to the normal vector field ξ) respectively, and X, Y ∈ X(M) where X(M)
denotes the Lie algebra of all smooth tangent vector fields on M . The second
fundamental form σ and the shape operator Aξ are related by

< σ(X,Y ), ξ >=< AξX,Y > .

The Gauss, Codazzi and Ricci equations are given respectively by

< R(X,Y )Z, W > = < X, W >< Y, Z > − < X,Z >< Y, W >(2.4)
+ < σ(X, W ), σ(Y,Z) > − < σ(X, Z), σ(Y, W ) >

(∇′
Xσ)(Y, Z) = (∇′Y σ)(X, Z),(2.5)

< R⊥(X,Y )ξ, η > = < [Aξ, Aη]X, Y >,(2.6)

where (∇′
Xσ)(Y,Z) = ∇⊥Xσ(Y, Z) − σ(∇XY, Z) − σ(Y,∇XZ), and R⊥(X, Y )ξ =

[∇⊥X ,∇⊥Y ]ξ−∇⊥[X,Y ]ξ for X,Y, Z, W ∈ X(M) and ξ, η are vector fileds normal to M .
We herewith recall the definitions of almost complex submanifolds, totally

real submanifolds and CR-submanifolds of a nearly Kähler S6. A submanifold
(M, x) of S6 is called an almost complex submanifolds (or invariant submanifolds)
of S6 if the tangent bundle TM of M is stable under the action of J , that is,
x∗(J(TM)) = x∗(TM). It is well-known that there does not exist a 4-dimensional
almost complex submanifold of S6 ([13]). However, it is also known there are many
examples of 2-dimensional almost complex submanifolds of S6. We shall call a
2-dimensional almost complex submanifold a J-holomorphic curve in the present
article. A submanifold (M,x) is called a totally real submanifold of S6 if the image
of J of the tangent bundle TM of M is contained in the normal bundle T⊥M , thai
is, x∗(J(TM)) ⊂ T⊥M . In this case, we easily see that dim M ≤ 3. Further, a
submanifold (M,x) is called a CR-submanifold of S6 if the tangent bundle TM
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of M admits a splitting TM = H ⊕ H⊥ such that H is J-invariant and H⊥ is
totally real, that is x∗(H⊥) ⊂ T⊥M . If H and H⊥ are both non-trival, the CR-
submanifold (M,x) is said to be proper. In this article, we consider only proper
ones as CR-submanifolds of S6.

2.1. Structure equation of G2

We recall the structure equation of G2 obtained by Bryant ([5]). We denote by
Mp×q(C) the set of p × q complex matrices and [ a ] ∈ M3×3(C) is given by (this
matrix corresponds to the usual exterior product of R3)

[ a ] =




0 a3 −a2

−a3 0 a1

a2 −a1 0




where a =t ( a1 a2 a3 ) ∈ M3×1(C). Then we have

[ a ]b + [ b ]a = 0

where a, b ∈ M3×1(C). Now, we set a basis of C⊗R ImC with respect to Jε.

ε = (0, 1) ∈ H⊕H,

E1 = iN, E2 = jN, E3 = −kN,

E1 = iN, E2 = jN, E3 = −kN,

where N = (1−√−1ε)/2, N = (1+
√−1ε)/2 ∈ C⊗R C. The basis ( u, f, f ) of

C⊗RImC is called a G2-admissible frame if there is g ∈ G2 ⊂ M7×7(C) such that

( u, f, f ) = ( g(ε), g(E), g(E) ) = ( ε, E, E )g.

We may identify a G2-admissible frame with an element of G2. Then the structure
equations of G2 are given by the following;

Proposition 2.1. ([5]) There exit left invariant 1-forms κ and θ on G2. Then

d( u, f, f ) = ( u, f, f )




0 −√−1 tθ
√−1 tθ

−2
√−1 θ κ [ θ ]

2
√−1 θ [ θ ] κ




= ( u, f, f )Φ,

where θ = (θi) is a M3×1(C)-valued 1-form, κ = (κj
i), 1 ≤ i, j ≤ 3, is a su(3)-

valued 1-form. We denote by Φ a Maurer-Cartan form of G2. Therefore Φ satisfy
the integrability condition dΦ = −Φ ∧ Φ. Or equivalently, we have

dθ = − κ ∧ θ + [ θ ] ∧ θ.
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dκ = − κ ∧ κ + 3θ ∧ t θ − (tθ ∧ θ) I3.

We can easily see that κ defines the SU(3)-connection on S6. Also, dκ+ κ ∧ κ
generates the Lie algebra of SU(3)-holonomy group.

3. J-holomorphic curves

3.1. Fundamental properties

Let M be an oriented real 2-dimensional surface and φ : M → S6 be a J-
holomorphic curve of S6. Then, we have the following property with respect to the
isothermal coordinate z which compatible with the oietation,

Jφ∗

(
∂

∂z

)
=
√−1 φ∗

(
∂

∂z

)

Priposition 3.1. Let φ : M → S6 be a J-holomorphic curve of S6. Then we have

(1)
σ(JX, Y ) = σ(X, JY ) = Jσ(X, Y ).

In particular, any J-holomorphic curve is a minimal submanifold of S6.

(2)
AJξ(X) = J(AξX).

(3)
∇⊥X(Jξ) = J(∇⊥Xξ) + ξ ×X.

where σ is the second fundamental form of x, Aξ is a shape operator with respect
to the normal vector ξ and ∇⊥ is an induced connection of the normal bundle,
respectively, and X, Y are vector fields on M .

3.2. G2-frame fields

In this section, we introduce the G2-frame field along the J-holomorphic curve
of S6, and give the structure equations with respect to the G2 frame field. First we
note that G2 can be regarded as the total space of the principal SU(3)-right bundle
over S6. We assume there exists the small open subset U ⊂ M such that any point
of U is not geodesic one. Then we shall construct the SU(3)-frame field on U as
follows. Let {e1, Je1} be a local tangential orthonormal frame field on U, {ξ1, Jξ1}
and {e1 × ξ1, J(e1 × ξ1)} the the local orthonormal frame field of the 1-st normal
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bundle and the 2-nd normal bundle, respectively. We take the complexification of
these frame fields, we define the SU(3) frame field (f, f) on x(U) ⊂ S6 in C⊗RImC

f3 = (1/2)(e1 −
√−1Je1),

f2 = (1/2)(ξ1 −√−1Jξ1),(3.1)
f1 = (1/2)(e1 × ξ1 −

√−1J(e1 × ξ1)),

Then, (x, f1, f2, f3, f̄1, f̄2, f̄3) = (x, f, f) is the local admissible G2-frame field on
U along the immersion x. Therefore, there exists a g ∈ G2 such that

f3 = (1/2)(g(−k) −√−1g(−kε)) = g(E3),
f2 = (1/2)(g(j) −√−1g(jε)) = g(E2),
f1 = (1/2)(g(i) −√−1g(iε)) = g(E1).

Pulling back the G2-structure equation by the immersion x, we get the correspond-
ing structure equation in the following Proposititon along the curve x. The frame
field (x, f, f) belongs to the sub-bundle of the induced G2-bundle.

Proposition 3.2. Let x : M → S6 be a J-holomorphic curve of the 6-dimensional
sphere S6. Then we have

dx = f3(−2
√−1θ3) + f3(2

√−1 θ3),

θ2 = θ1 = 0, κ3
1 = 0,

df3 = x(−√−1 θ3) +
3∑

i=1

fi · κ3
i (Gauss formula),

df2 =
3∑

i=1

fi · κ2
i + f1θ

3,

df1 =
3∑

i=1

fi · κ1
i − f2θ

3, (Weingarten formula).

Since the isotropy group is SU(3), we get

κ3
3 + κ2

2 + κ1
1 = 0,

The integrability conditions imply that

dθ3 + κ3
3 ∧ θ3 = 0,

dκ3
3 + κ2

3 ∧ κ3
2 = 2θ3 ∧ θ3,

dκ2
2 + κ3

2 ∧ κ2
3 + κ1

2 ∧ κ2
1 = − θ3 ∧ θ3,

dκ1
1 + κ2

1 ∧ κ1
2 = −θ3 ∧ θ3,

dκ3
2 + (κ2

2 − κ3
3) ∧ κ3

2 = 0,

dκ2
1 + (κ1

1 − κ2
2) ∧ κ2

1 = 0.
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We note that κ3
2, κ2

1 are local 1-form of type (1, 0) with respect to the induced
complex structure (from the induced metric) of M.

Remark 3.1. The immersion x is not totally geodesic, we see that the geodesic
points are isolated (if exist) (refer to the argument in §3.4). In this case the SU(3)-
frame field given in (3.1) can be extended to a neighborhood containing the geodesic
point by making use of SU(3)-connection.

3.3. Examples of constant Gauss curvature

The second author ([32]) proved that if M is a J-holomorphic curve of constant
curvature K in S6, then K = 1, 1/6 or 0. We may see that such surfaces are
congruent up to the action of SO(7) to the following three examples.
(1) Totally geodesic J-holomorphic sphere.

ι : V ∩ S6 → S6

where V is an associative plane and ι is an inclusion map.
(2) Boruvka sphere;

ϕ : S2(1/6) → S6

where ϕ is defined by

ϕ(y1, y2, y3) = (1/24
√

6) {i (−
√

10)y2(y2
2 − 3y3

2)

+ j (−2
√

15)y1(y2
2 − y3

2)

+ k (
√

6)y3(y2
2 + y3

2 − 4y1
2)

+ ε 2y1(3y2
2 + 3y3

2 − 2y1
2)

+ iε (
√

10)y3(3y2
2 − y3

2)

+ jε (4
√

15)(y1y2y3)

+ kε (
√

6)y2(y2
2 + y3

2 − 4y1
2)}

where y2
1 + y2

2 + y2
3 = 6, and its Gauss curvature is identically 1/6. The mapping ϕ

is an imbedding.
(3). Flat torus:

f : T 2 → S6

where f is defined by

f(z, z) = (1/
√

3){E1 ez−z + E1 e−(z−z)

+ E2 eωz−ωz + E2 e−(ωz−ωz)

+ E3 eω2z−ω2z + E3 e−(ω2z−ω2z)}
= (1/

√
3){i cos(2y) + iε sin(2y)

+ j cos(
√

3x− y) + jε sin(
√

3x− y)

− k cos(
√

3x + y) + kε sin(
√

3x + y)}
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where ω = e2π
√−1/3 and z = x +

√−1y ∈ C. We may remark that the flat torus is
not G2-congruent in general.

Remark 3.2. R.L.Bryant ([6]) classified the minimal surfaces of constant Gauss
curvature of space forms.

3.4. Local existence and the G2-congruency

First, we introduce the notion of some class of functions on Riemann surface
M with holomorphic coordinte z. An non-negative function f : M → R≥0 is called
an absolute value type, if for each point of M there exists some neighborhood U
and the holomorphic function ϕ0(z) and non-zero complex valued function ϕ1(z, z)
such that f(z, z) = |ϕ0(z)ϕ1(z, z)| on U.

By Proposition 3.2, we have

Theorem 3.1. ([16]) Let M be a simply connected surface. If its Gauss curvature
K is not identically 1, and satisfy K ≤ 1. We also assume that the functions

√
1−K

and | III | are of absolute value type, and further following differential equalities

4 log(1−K) = 6K − 1 + 4 | III |2,

4 log | III |= 1− 4 | III |2,
hold outside their zeros. Then there exists a J-holomorphic curves ϕ : M → S6.
where | III | =| κ2

1(f3) | .
Let x : M → S6 be a J-holomorphic curve of S6. We set Λ as

Λ = 4
√−1(κ3

2)2 ⊗ κ2
1 ⊗ (θ3)3,

then it is a holomorphic 6-differential on M. If we take the local isothermal coordi-
nate z, then we have

Λ =< σ2(∂z, ∂z, ∂z), x∗(∂z)× σ(∂z, ∂z) > dz6.

where ∂z = ∂/∂z, and σ2 is a third fundamental form. By Theorem 3.1, we can
obtain the classification theorems of J-holomorphic curves with constant Gauss
curvature (as above in ß3.3).

Theorem 3.2. ([16]) Let M be a connected, orientable surface and x1, x2 : M →
S6 be two J-holomorphic curves. Then there exists an element g ∈ G2 such that
g ◦ x1 = x2 if and only if the induced metrics and the corresponding holomorphic
6-differentials coincide.
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The J-holomorphic curve is said to be super-minimal if the holomorphic 6-
differential identically zero.

3.5. Weierstraß-Bryant type formula for super-minimal J-holomorphic
curves

Let Q5 be the 5-dimensional complex quadric Q5 ⊂ P 6(C) of the complex
projective space, given by the following

Q5 = {[w0 : w1 : · · · : w6] ∈ P 6(C)|(w0)2 + w1 w4 + w2w5 + w3w6 = 0}
where [ ] is the homogeneous coordinate of P 6(C). Any super-minimal J-
holomorphic curves of S6 can be obtained as the projection of the integral curve of
the (complex) 2-dimensional sub-bundle L+ (with respect to the SU(3)-connection),
of the holomorphic tangent bundle T (1,0)Q5 of the quardrics Q5. The differential
equations which is corresponding to the integral curve, can be rewritten as the or-
dinary differential equation with respect to the G2(C)-valued function. By solving
them, we have the following representation formula.

Theorem 3.3. ([18]) Let U be a simply connected domain of C. The map Ξ :
U → Q5 ⊂ P 6(C) defined by the following, is an integral curve of L+ with initial
condition Ξ(0) = E1. where f(ζ) is a holomorphic function on U .

Ξ(ζ) = ε α1(ζ) + E1 · 1 + E2 α2(ζ) + E3 α3(ζ) + E1 α4(ζ) + E2 α5(ζ) + E3 ζ

where

α1(ζ) = (
√−1/2)

[
ζ
(
f ′′(ζ) + f ′′(0)

)
− 2

(
f ′(ζ)− f ′(0)

)]
,

α2(ζ) = (1/2)ζ2f ′′(ζ)− ζ
(
2f ′(ζ) + f ′(0)

)
+ 3

(
f(ζ)− f(0)

)
,

α3(ζ) = (1/2)f ′′(ζ)
(
f ′(0)− f ′(ζ)

)

+ f ′′(0)
[
(1/2)(ζf ′′(ζ))− f ′(ζ) + f ′(0) + (1/4)(f ′′(0)ζ)

]

+ (3/4)
∫ ζ

0

(f ′′(z))2dz,

α4(ζ) = f ′′(ζ)
[
−(3/2)f(ζ) + (1/2)ζf ′(ζ) + f ′(0)ζ + (1/4)(f ′′(0)ζ2) + (3/2)f(0)

]

+ f ′(ζ)
(
f ′(ζ)− f ′′(0)ζ − 2f ′(0)

)
+ (3/2)f ′′(0)f(ζ)

− (3/4) ζ

∫ ζ

0

(
f ′′(z)

)2
dz

− (1/2)(f ′(0)f ′′(0)ζ)− (3/2)f(0)f ′′(0) + (f ′(0))2,

α5(ζ) = (1/2)(f ′′(ζ)− f ′′(0)).
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As an application, we get the following 1-parameter family of the integral curves
Ξt : P 1(C) → Q5 of L+.

Ξt(z) = ( ε,E,E )




ı
√

10t eıθ z3

1√
15t eıθ z4

−√6 t e2ıθ z5

t e2ıθ z6√
15t eıθ z2√

6 z




,

for z ∈ C. Since the projection from S6 to Q5 is given by

xt(z) =
ı Ξt(z)× Ξt(z)〈

Ξt(z), Ξt(z)
〉 ,

the corresponding super-minimal J-holomorphic curves of S6 are given by

1〈
Ξt(z), Ξt(z)

〉 ( ε,E,E )




(1/2)(1− 6p− 15tp2 + 15tp4 + 6t2p5 − t2p6)
ı e−ıθ

√
10t z3 (1 + 3p + 3tp2 + tp3)

−ı
√

6z (1− 5tp2 − 5tp3 + t2p5)
ı
√

15t eıθ z2 (1 + 2p− 2tp3 − tp4)
−ı eıθ

√
10t z3 (1 + 3p + 3tp2 + tp3)

ı
√

6 z (1− 5tp2 − 5tp3 + t2p5)
−ı

√
15t e−ıθ z2 (1 + 2p− 2tp3 − tp4)




where p = zz = |z|2 and
〈
Ξt(z), Ξt(z)

〉
= (1/2)(1 + 6p + 15tp2 + 20tp3 + 15tp4 + 6t2p5 + t2p6) ≥ 1/2.

From this formula, we can calculate the Gauss curvature of the above super-minimal
J-holomorphic curves of S6, and by Theorem 3.2, we get the following.

Theorem 3.4. ([18]) The 1-parameter family of the above super-minimal J-
holomorphic curves of S6, xt : P 1(C) → S6 (0 ≤ t ≤ 1) gives a (non-trivial)
deformation which are not G2-congruent. In particular, if t = 1, then it is a Boru-
vka sphere, and if t = 0 then it is totally geodesic.

3.6. The cohomogenity one J-holomorphic curves of S5

In [23], they discussed the construction and the classification of compact J-
holomorphic curves of class III, which are homeomorphic to torus. In this section,
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we shall write the system of ordinary differential equations of a J-holomorphic curves
of class III with S1-symmetry.

First, we consider the map φ : R2 → S5 defined by

φ(x, y) = (E, E)




e
√−1α1yp1(x)

e
√−1α2yp2(x)

e
√−1α3yp3(x)

e−
√−1α1yp1(x)

e−
√−1α2yp2(x)

e−
√−1α3yp3(x)




=
(

e
√−1αiypi(x)

e−
√−1αiypi(x)

)
,(3.2)

where αi ∈ R, α1 + α2 + α3 = 0 and α1α2α3 6= 0 and pi(x) (i = 1, 2, 3) are some

complex-valued smooth functions of x ∈ R with
3∑

i=1

|pi(x)|2 = 1. We may easily

observe that φ is an immersion and the image φ(R2) ⊂ S5 (totally geodesic in S6),
if the conditions (3.6) ∼ (3.8) (see below) are satisfied. The tangent space of the
submanifold (R2, φ) is spanned by

φ∗(∂/∂x) = (E, E)
(

e
√−1αiyp′i(x)

e−
√−1αiyp′i(x)

)
(3.3)

φ∗(∂/∂y) = (E, E)
( √−1α1e

√−1αiyp′i(x)
−√−1α1e

−√−1αiyp′i(x)

)
(3.4)

Therefore we have
Jφ∗(∂/∂x) = (φ∗(∂/∂x))× φ(x, y)

is given by the following

Jφ∗(∂/∂x) =
√−1ε/2

3∑

i=1

(p′ipi − pip′i)

+ E1e
√−1α1y(−p′2(x)p3(x) + p2(x)p′3(x))

+ E2e
√−1α2y(−p′3(x)p1(x) + p1(x)p′1(x))

+ E3e
√−1α3y(−p′1(x)p2(x) + p1(x)p′2(x))(3.5)

+ E1e
−√−1α1y(−p′2(x)p3(x) + p2(x)p′3(x))

+ E2e
−√−1α2y(−p′3(x)p1(x) + p3(x)p′1(x))

+ E3e
−√−1α1y(−p′1(x)p2(x) + p1(x)p′2(x))

From the above relations, the map (R2, φ) is J-holomorphic curve of S5 if and only
if

3∑

i=1

(p′ipi − pip′i) = 0(3.6)
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0 −p3 p2

p3 0 −p1

−p2 p1 0







p′1
p′2
p′3


 = −√−1




α1p1

α2p2

α3p3


(3.7)

3∑

i=1

|p′i(x)|2 =
3∑

i=1

α2
i |pi(x)|2(3.8)

The equations (3.7) reduce to the following form;

p′1 =
√−1(α3 − α2)p3p2

p′2 =
√−1(α1 − α3)p1p3(3.9)

p′3 =
√−1(α2 − α1)p2p1.

The equations (3.9) imply the condition (3.6) automatically. Since
3∑

i=1

|pi(x)|2 = 1,

(3.8) and (3.9) , we have also

3∑

i=1

αi|pi(x)|2 = 0,(3.10)

Here, in particular if we assume that p1(x), p3(x) are real valued smooth functions
and p2(x) =

√−1q2(x), for a certain real valued smooth function q2(x), then the
equations (3.9), reduce to the Euler type equations.

p′1 = (α3 − α2)p3q2

q′2 = (α1 − α3)p1p3(3.11)
p′3 = (α2 − α1)q2p1.

Therefore, by the well known fact about the Euler type equations, and hence the
solution of (3.11) can be represented by using elliptic integrals, and hence there
exist many required examples.

4. 3-dimensional submanifolds

4.1. Orbits

In this section, we give the examples of 3-dimensional totally real and CR-
submanifolds of S6 which are obtained as the orbits of the subgroup Sp(1) ∼= SU(2)
of G2. It was known that there exist 4-types of representations from SU(2) to G2 by
Mal’cev([26]). We call these four types of the representations types I ∼ IV, respec-
tively. Mashimo([27]) proved that there exist 3-dimensional totally real (Lagrangian
submanifold) corresponding to the types I ∼ IV, respectively. In particular, typeIV
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is a irreducible representation from SU(2) to G2. The orbit of SU(2) gives the re-
alization of the 3-dimensional totally real submanifold f : S3(1/16) → S6 which is
obtained by Ejiri([10]). We note that any 3-dimensional totally real submanifold of
S6 is a minimal submanifold.

We here recall the actions of SU(2)(⊂ G2) on ImC corresponding to the types
I ∼ IV, respectively. Action of type IF

ρI(q)(a + bε) = a + (qb)ε.

Action of type III:
ρIII(q)(a + bε) = qaq + (qbq)ε.

Action of type IV: The Lie algebra of SU(2) is spanned by the following basis (of
(2.1)). We denote by U4 the Lie subgroup of G2 corresponding to the type IV.





X1 = 4G32 + 2G54 + 6G76,

X2 =
√

6(G37 + G26 − 2G15) +
√

10(G42 −G35),
X3 =

√
6(G63 + G27 − 2G41) +

√
10(G25 −G34).

Then U4 is isomorphic to SO(3).
We shall consider the action of type II which includes some nice examples. We

define the the action of type II ( Sp(1) acts on ImC) as follows;

ρII(q)(a + bε) = qaq + (bq)ε

where q ∈ S3 ⊂ H, S3 ∼= Sp(1). Then we can easily see that {ρII(q)|q ∈ S3} is a
Lie subgroup of G2. In fact, we see that

ρII(q)(a + bε)ρII(q)(c + dε) = ρII(q)(ac− db + (da + bc)ε).

Next, we consider the orbit of Sp(1) through the point
√

1− r2 + rε of S6 given by

ψr(q) =
√

1− r2qiq̄ + rq̄ε.

Then we see that the map ψr is an imbedding for for each r (0 ≤ r ≤ 1). To
obtain the 3-dimensional totally real or CR-submanifolds, the tangent space at
ψr(q) is spanned by {(ψr)∗(qi) = −r(iq̄)ε, (ψr)∗(qj) = −2

√
1− r2qkq̄ − r(jq̄)ε,

(ψr)∗(qk) = 2
√

1− r2qjq̄ − r(kq̄)ε, }. where {qi, qj, qk} is a left invariant vector
field of S3. Then the induced metric is given by

< (ψr)∗(qi), (ψr)∗(qi) > = r2,

< (ψr)∗(qj), (ψr)∗(qj) > = < (ψr)∗(qk), (ψr)∗(qk) >= 4− 3r2

the other elements are zero. In order to the Kähler angle θ of the tangent space,
we check the action of the almost complex structure on the tangent space;

J ((ψr)∗(qi)) = (−r(iq̄)ε)
(√

1− r2qiq̄ + rq̄ε
)
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= r
(
rqiq̄ −

√
1− r2q̄ε

)
,

J ((ψr)∗(qj)) = (3r2 − 2)qjq̄ − 3r
√

1− r2(kq̄)ε,

J ((ψr)∗(qk)) = (3r2 − 2)qkq̄ + 3r
√

1− r2(jq̄)ε.

Since the vector field J ((ψr)∗(qi)) is normal to ψr(M), the Kähler angle θ is given
by

cos θ = | < (ψr)∗(qj)
|(ψr)∗(qj)| ,

J ((ψr)∗(qk))
|(ψr)∗(qk)| > | =

√
1− r2 (9r2 − 4)

4− 3r2
.

By homogeneity, the Kähler angle of the orbit is constant. Also, we obtain

Proposition 4.1. (0) If r = 0, then the orbit is a totally geodesic J-holomorphic
curve.

(1) If r = 2/3, then the orbit is a 3-dimensional totally real submanifold (which
is not totally geodesic).

(2) If r = 2
√

2/3, then the orbit is a 3-dimensional CR-submanifold.

(3) If r = 1, then the orbit is a 3-dimensional totally geodesic, totally real sub-
manifold

We may note that the J-invariant 2-dimensional distribution of the above 3-
dimensional CR-submanifold is not involutive.

For type I, each orbit is a 3-dimensional sphere in the quaternion, and if it is
totally geodesic, then it is totally real. For type III, there exists an orbit whose
image is a 3-dimensional totally real submanifold. There does not exist an orbit
whose image is a 3-dimensional CR-submanifold. For type IV there exist two orbits
whose image are 3-dimensional totally real submanifolds. There exist two parameter
family of orbits whose image are 3-dimensional CR-submanifolds (see [27] and [20]).

4.2. Tubes

In this section, we shall give the construction of 3-dimensional ΣJ subman-
ifolds from the image of the exponential map of some unit sphere bundle over
J-holomorphic curves, we shall call such image ”tube.” It is well known that the
exponential map at x ∈ S6, expx : Tx(S6) → S6 with respect to the canonical met-
ric is given by expx(tX) = cos t x + sin t ·X. From the arguments in §3.2, we may
observe that, if a J-holomorphic curve is not totally geodesic, the normal bundle
can be represented by the direct sum of the 1st and the 2nd normal bundles. By
this splitting, we may define the tubes of corresponding normal bundles as follows.

ϕ̃1
t (m,u) = cos t · ϕ(m) + sin t · σ(u, u)/λ,

ϕ̃2
t (m,u) = cos t · ϕ(m) + sin t · ϕ∗(u)× σ(u, u)/λ,
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where ϕ : M → S6 is a J-holomorphic curve without geodesic point, (m,u) is an
element of the unit tangent bundle of M. Also we note that λ = |σ(u, u)| is depend
only on the point m ∈ M . Then we have

Proposition 4.2. ([8, 21]) The tubes of second normal bundles imply the following.

(0) If cos t = 0, then it is the given J-holomorphic curve.

(1) If cos t = 2/3, then it is a 3-dimensional totally real submanifold.

(2) If cos t = 2
√

2/3, then it is a 3-dimensional CR-submanifold.

(3) If cos t = 1, then it is a 3-dimensional totally real submanifold.

We can obtain the examples of submanifold with constant Kähler angle as the
tubes of the 1st normal bundle, but it is more complicated ([21]). By Theorem 3.4
and Proposition 4.2, we can easily see that there exists a (non-trivial) deformation
of 3-dimensional totally real or CR-submanifolds. We remark that the values of
Propositions 4.1, 4.2 coincide. However we can not understand the reason up to
now.

4.3. Flows

We introduce the another construction of the J-holomorphic curves and 3-
dimensional submanifolds. A 3-dimensional CR-submanifold is called involutive
type if the 2-dimensional J-invariant distribution is involutive. Such a 3-dimensional
CR-submanifold was obtained by the second author ([33]). The immersion

ϕ : S1 × S2 → S5 ⊂ S6

is given by
ϕ(t, p) = exp(tX)(p)

where X = aG51+bG62+cG73 (a+b+c = 0, abc 6= 0) and p ∈ S2 and exp is a expo-
nential map of the matrix. The induced metric of this example is warped product,
and its cohomogenity is 1 (not homogeneous with respect to the induced metric).
These examples are extended by ([20]). In ([23]), we classify any J-holomorphic
curves from 2-dimensional torus to S5 (which is a totally geodesic sphere of S6) by
using the integrable systems. Explicit examples of such curves is given by

ϕ(t, s) = exp(tX)(γ(s))

where γ(s) is some curve of S2 which is represented by the elliptic functions. In
particular, if the curve γ(s) is a geodesic in S2, then the immersion coincide with
flat torus. From these construction, if we take the irrational flow, we get the non-
compact examples.
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Concerning 4-dimensional CR-submnifolds of S6, it is only known that there
does not exist a 4-dimensional CR-product submanifold of S6 ([33]).

5. 4-dimensional CR-submanifolds

Concerning 4-dimensional CR-submnifolds of S6, it is only known that there
does not exist a 4-dimensional CR-product submanifold of S6 ([33]).

5.1. Fundamental properties

First, we recall the following characterization for a 4-dimensional oriented sub-
manifold of S6 to be a CR-submanifolds. ([8, 21])

Proposition 5.1. (5.1) Let ϕ : M4 → S6 be an orientable 4-dimensional subman-
ifold of S6. Then (M4, ϕ) is a CR-submanifold of S6 if and only if it satisfies one
of the following conditions

(1) ω(T⊥M4) = 0,

(2) ∗ω(TM4) = 0,

where ω denote the Kähler form of S6.

Remark 5.1. Let ϕ : M4 → S6 be a 4-dimensional CR-submanifold. If g ∈ G2,

then g ◦ϕ is also. However, if h ∈ SO(7) \G2, then h ◦ϕ is not a CR-submanifold,
in general.

Let ϕ : M4 → S6 be a 4-dimensional CR-submanifolds of S6 and discuss some
fundamental properties concerning (M4, ϕ). Especially we discuss a (local) or-
thonormal CR-adapted frame field along (M4, ϕ). Let ξ1, ξ2 be a local orthonormal
frame fields ξ1, ξ2 of H⊥. Then we have spanR{Jξ1, Jξ2} = T⊥M4. Then the exte-
rior product ξ1×ξ2 depends only on the given orientation of H⊥ and is independent
on the choice of the orthonormal frame fields. Also we have ξ1× ξ2, J(ξ1× ξ2) ∈ H.
Therefore, the vector field ξ1× ξ2 is well defined whole on M4. Hence H has an ab-
solute parallelisability. We see that {ξ1×ξ2, J(ξ1×ξ2), ξ1, ξ2} is a local orthonormal
frame field of M4. We obtain

Proposition 5.2. Let ϕ : M4 → S6 be an orientable compact 4-dimensional CR-
submanifold of S6, then the Euler number of M4 vanishes.

By Proposition 5.2, we may immediately see that 4-dimensional sphere, product
of two 2-dimensional spheres and complex 2-dimensional projective space can not
be realized as a CR-submanifold of S6. On the other hand, since dimH⊥ = 2, and
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H⊥ is orientable, we can define two kinds of almost complex structures J1, J2 on
M4 such that

J1 = JH ⊕ J ′, J2 = JH ⊕ (−J ′)

where JH is the restriction of the almost complex structure of S6 to the holomorphic
distribution H. Hence we have the following decomposition

TS6|ϕ(M4) = H ⊕H⊥ ⊕ T⊥M4.

If we set V = H⊥⊕T⊥M4, then V is a C2-vector bundle over M4. Concerning the
characteristic classes of these vector bundles, we have the following

Proposition 5.3. (1) e(H) = c1(H(1,0)) = 0,

(2) p1(TM4) = {c1(H⊥(1,0))}2 = −{c1(T⊥(1,0)M4)}2,

(3) p1(V ) = 0,

(4) c1(V (1,0)) = 0,

in H∗(M, Z), where p1(∗) (resp. c1(∗) ) is a the first Pontrjagin (resp.Chern )
class of the corresponding vector bundle, and e(∗) is the Euler class.

Corallary 5.1. If the holomorphic distribution H is involutive then each compact
leaf of H is homeomorphic to 2-dimensional torus.

Further, we have

Theorem 5.1. Let ϕ : M4 → S6 be a 4-dimensional CR-submanifold of S6. The
first Pontrjagin class of the tangent bundle vanishes i.e., p1(TM4) = 0.

By taking account of the G2-structure equations on S6, we can also show that
2-dimensional totally real distribution H⊥ is not integrable.

5.2. Examples

The above arguments in §5.1 assert that there exist many obstructions for the
existence of 4-dimensional CR-submanifolds of S6. However, contrary to this cir-
cumstances, we may construct several examples of such submanifolds. We herewith
introduce two typical examples of 4-dimensional CR-submanifolds of S6.

Example 1. Let γ : I → S2 ⊂ ImH be any curve in the 2-dimensional sphere S2 ⊂
Im H ' R3, and (q ∈) S3 ⊂ H be the 3-dimensional sphere of the quaternions H.
Then the product immersion ψ : I × S3 → S6, which is defined by

ψ(t, q) = aγ(t) + bqε
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gives a 4-dimensional submanifold of S6, for any a, b > 0 with a2 + b2 = 1. Here, t
denotes the arc length parameter of γ.
In fact, let (I×S3, ψ) be the submanifold of S6 gives in the above example 1. Then,
we may choose the orthonormal frame field {ν1, ν2} of the normal bundle in such a
way that

ν1 = γ̇(t)× γ(t), ν2 = bγ(t)− aqε.

Thus we have

J(ν2) = (bγ(t)− aqε)× (aγ(t) + bqε) = γ(t)× qε = (qγ(t))ε ∈ Hε,

therefore, < ν1, J(ν2) >= 0. Thus (1) of Proposition 5.1, we get the desired result.
Further, we may obtain the corresponding CR-frame fields along (I × S3, ψ) in the
following way. A local orthonormal frame field of H⊥ is given by

ψ∗(ξ1) = J(ν1) = ν1 × ψ = −aγ̇(t) + b(γ̇(t)× γ(t)) · qε,
ψ∗(ξ2) = J(ν2) = γ(t)× qε.

On the other hand, an orthonormal frame field of H is given by

ψ∗(e1) = J(ν1)× J(ν2) = bγ̇(t) + a(γ̇(t)× γ(t)) · qε, ψ∗(J(e1)) = (γ̇(t)) · qε.
Example 2. The following immersion φ : S1 × S3 → S6 is a 4-dimensional CR-
submanifold of S6;

φ(θ, q) = a(qiq) + b
(
τ(θ)q

)
· ε,

for a, b > 0 with a2+b2 = 1, where τ(θ) = t{− sin(θ)+cos(θ)i}+s{cos(θ)j+sin(θ)k}
is a great circle of S3 ⊂ H for t, s > 0 with t2 + s2 = 1.

Remark 5.2. The parameters (a, t) ∈ (0, 1) × (0, 1) in the above Example 2 rep-
resent a parameterization for the orbit space consisting of the families of some
U(2)-orbits through the points of S6.

In fact, the basis of the tangent space of φ is given by

φ∗(
∂

∂θ
) = b

(
τ ′(θ)q

)
· ε

φ∗(qi) = −b
(
τ(θ)iq

)
· ε

φ∗(qj) = −2a(qkq)− b
(
τ(θ)jq

)
· ε

φ∗(qk) = 2a(qjq)− b
(
τ(θ)kq

)
· ε.

The following normal vector fields {ν1, ν2} are given by

ν1 = b(qiq)− a
(
τ(θ)q

)
· ε

ν2 =
1√

1 + 3a2

(
b(qjq) + 2a

(
τ(θ)kq

)
· ε

)
,



42 Hideya Hashimoto and Kouei Sekigawa

give rise to the orthonormal frame of T⊥M4. Therefore J(ν1) =
(
τ(θ)iq

)
· ε, and

we have < ν1, J(ν2) >= 0. Hence, by (1) of Proposition 5.1 we see that (S1×S3, φ)
a 4-dimensional CR-submanifold of S6. We shall state the geometrical properties of
the above examples.

We see that the Example 1 include the special one obtained by the orbit of the
subgroup of G2 determined by the following representation τI from U(2) to G2;

τI(θ, q)(u + vε) = eiθue−iθ + (qve−iθ)ε.

We see also that the Example 2 include the special one obtained by the orbit of the
subgroup of G2 determined by the following representation τII of U(2) of G2;

τII(θ, q)(u + vε) = quq + (eiθvq)ε.

Here eiθ = cos θ +(sin θ)i and i is the unit element of the quaternion. We note that
the above two examples of 4-dimensional CR-submanifolds of S6 can be considered
as the total space of S1-bundle over S1 × S2 and S2 × S1, respectively.

Proposition 5.4. Let φ : S1 × S3 → S6 be a 4-dimensional CR-submanifold of S6

in Example 2. Then

(1) The map φ is not an imbedding. In fact, we have φ(θ + π,−q) = φ(θ, q). The
immersion φ is full.

(2) The immersion φ : S1 × S3 → S6 is minimal if and only if a =√
(3 +

√
57)/24, t = 1/

√
2. For the other (a, t) in example 2, the length of

the mean curvature vector field is constant, but the mean curvature vector
field is not parallel with respect to the normal connection. In particular, the
second fundamental is not parallel for any immersion of this type.

(3) The normal curvature of the immersion φ is not flat.

(4) The Ricci eigenvalues of the induced metric of the immersion ψ1 are constant,
but the metric is not Einstein.

(5) If a = 1/
√

3 and t = 1/
√

2, the holomorphic distribution H is integrable.

Remark 5.3. We here describe the CR-frame field on S1×S3 of the immersion φ,

explicitly;

ξ1 =
1
b
qi,

ξ2 =
−1√

1 + 3a2
{5− 9a2

4bst

( ∂

∂θ
+ (t2 − s2)qi

)
+

3b

2
qj},
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ẽ1 =
1√

1 + 3a2
{1− 9a2

4ast

( ∂

∂θ
+ (t2 − s2)qi

)
+

1− 3a2

2a
qj},

Jẽ1 = − 1√
1 + 3a2

qk.

The image of the CR-frame field by the differential of φ is given by

φ∗(ξ1) = −(τ(θ)iq)ε(= −Jν1),

φ∗(ξ2) =
−1√

1 + 3a2
{−3ab · qkq + (1− 3a2)(τ(θ)jq)ε}(= −Jν2),

φ∗(ẽ1) =
1√

1 + 3a2
{(3a2 − 1) · qkq − 3ab(τ(θ)jq)ε}(= Jν1 × Jν2),

Jφ∗(ẽ1) =
1√

1 + 3a2
{2a · qjq − b(τ(θ)kq)ε}.
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